We denote by X a real vector space that can be either l p (R), 1 ≤ p < ∞, or c 0 (R). We consider a certain class of linear maps L : X → X (called weighted shift operators). We fix a suitable a priori probability measure m on the kernel of L in order to introduce the Ruelle operator L A associated to a bounded Hölder continuous potential A : X → R. We adapt the Thermodynamic Formalism for generalized XY models (in the case the alphabet is non-compact) to the present setting. We are able to show the existence of eigenvalues, eigenfunctions and eigenprobabilities for L A . Moreover, we show the existence of L-invariant ergodic probabilities with full support in a similar manner as in Classical Thermodynamic Formalism. Finally, these results are extended to a large class of linear operators defined on Banach spaces.
Introduction
Our main goal here is to show existence of invariant probabilities for discrete time linear dynamics. We will consider a certain class of linear operators where the formalism of the Ruelle operator can be used. We will get our main results adapting the formalism previously considered for non-compact generalized XY models (see [14] and [15] ).
We point out that it is already known the existence of invariant probabilities for l p (R), 1 < p < ∞, but our methods are quite different from the standard approach. We believe the connection with Thermodynamic Formalism is interesting in itself.
Linear dynamics is a relatively young branch of mathematics in which it is studied dynamical properties of linear operators defined on Fréchet spaces -in particular appear some interesting properties for the case of Banach spaces. In the finite dimensional case these dynamical systems are completely described by its corresponding Jordan canonical form associated to the linear operator.
However in the infinite dimensional case arises a complex behavior for the linear dynamics such as existence of dense orbits, chaos in the sense of Devaney and some interesting relations with dynamical systems defined on compact spaces (see for instance [3, 11] ).
Let X be a Banach space and T : X → X be a linear continuous operator. We say that (X, T ), or simply the map T , is hypercyclic, if it has a dense orbit in X. In the case that X is a separable Banach space, this notion is equivalent to say that T is topologically transitive, that is, for all non-empty open sets U, V ⊂ X, there exists an integer n ≥ 0, such that, T n (U ) ∩ V = ∅. If moreover, for every non-empty open set V ⊂ X, the set N (x, V ) = {k ∈ N, T k (x) ∈ V } has positive lower density, i.e lim inf n→∞ 1 n card(N (x, V ) ∩ {1, . . . , n}) > 0 , then, we call T frequently hypercyclic.
On the other hand, we call T Devaney chaotic, if it is topologically transitive and has a dense subset of periodic points. We say that T is topologically mixing, if for all non-empty open subsets U, V ⊂ X, there exists an integer N > 0, such that, T n (U ) ∩ V is not empty for all n ≥ N .
A typical example of mixing, frequently hypercyclic and Devaney chaotic operator is λ S, λ > 1, where S is the shift operator acting on X = l p (R), 1 ≤ p < ∞.
The study of the above properties is a central problem in the area of discrete time Linear Dynamical Systems (see for instance [3] , [5] , [11] , [6] ).
In the context of ergodic theory on linear dynamics there are some works related to the existence of invariant probability measures on frequently hypercyclic linear dynamical systems in reflexive Banach spaces (see for example [13] ). We point out that in these works it is guaranteed existence of ergodic measures with full support via approximations of measures supported on dense orbits of the system. Here we prove a similar kind of result (even for some non-reflexive Banach spaces as l 1 (R) and c 0 (R)) in the context of the weighted shifts using a quite different technique. In fact we use classical tools of Thermodynamic Formalism. Let X ∈ {c 0 (R), l p (R), 1 ≤ p < ∞}, for a fixed operator L : X → X, given a Hölder potential A : X → R and a suitable a priori probability measure m on the kernel of L we are able to associate a "Gibbs probability measure" for the potential A which will be invariant for L, ergodic and with full support. We point out that for the L-invariant probabilities we will get here one can consider the concept of entropy in a similar fashion as in [15] (but we will address this question here).
Our main goal here is to show existence of ergodic measures with full support on vectors spaces under the action of weighted shifts (satisfying suitable conditions) taking advantage of an associated Ruelle operator (also called transfer operator). More precisely, we will show existence of eigenfunctions and eigenprobabilities for the Ruelle operator. Our main result is Theorem 2. From this we will get an L-invariant probability. In the last section we extend the previous results to a large class of frequently hypercyclic operators. Furthermore, these results are extended to the class of linear continuous operators with non-trivial kernel defined on Banach spaces. The paper is organized as follows. In section 2, we consider some definitions and preliminaries. In section 3, we prove the main result for weighted shifts operators. In section 4, we consider the general case of frequently hypercyclic operators.
Preliminaries
Let X be a Banach space and T : X → X be a linear continuous operator. We say that the map T is positively expansive, if there exists a constant e > 1, such that, for each point x ∈ S = {x ∈ X, x = 1}, there exists n ∈ N with T n (x) ≥ e. Recall also that T is said to be uniformly positively expansive, if there exist e > 1 and m ∈ N, such that, |T m (x) ≥ e, for all x in S.
Let c 0 (R) be the set of real sequences (x n ) n≥1 such that lim n→∞ x n = 0. The space c 0 (R) equipped with the norm of supremum
It is known that l p (R) is a separable Banach space and it is reflexive when 1 < p < ∞. Note that our results include the case of the Banach spaces l 1 (R) and c 0 (R) which are not reflexive. In the particular case where p = 2, the vector linear space l 2 (R) is a separable Hilbert space when it is equipped with the following inner product
x n y n .
Let {e k } k≥1 , such that each vector e k is of the form e k = (δ ik ) i≥1 . Then, each
x k e k (in particular, x k = x, e k for any k ∈ N when p = 2). Fix values 0 < c < c ′ . Consider a sequence (α n ) n≥1 satisfying α n ∈ (c, c ′ ) for each n ∈ N. The weighted shift associated to the sequence (α n ) n≥1 is defined as the linear map L : X → X, where X ∈ {c 0 (R), l p (R), 1 ≤ p < ∞}, and
Note that
L(e 1 ) = 0 and L(e n ) = α n−1 e n−1 , for all n ≥ 2 .
L is a linear continuous operator and Ker(L) = span{e 1 }. Moreover, in the case c > 1, the linear operator L is positively expanding on the the space E = span{e n , n ≥ 2} with expanding constant equal to c, that is, L(x) ≥ c x for all x ∈ E.
We assume above that L is such that its Kernel is one dimensional but in Section 4 we will consider a more general case.
From now on, we will use the notation β n k = α k . . . α k+n−1 for all k, n ∈ N and
It is known (see for instance [7] ), that the spectrum of L in c 0 (R) or l p (R), 1 ≤ p ≤ ∞, is σ(L) = D(0, r(L)), where D(0, r(L)) is the closed disc of center 0 and radius r(L) and r(L) is the spectral radius of L given by
with L n = sup{ L n (x) , x = 1} .
The results of next Theorem are classical. Theorem 1 gives a characterization for the dynamics of weighted shifts in terms of the behavior of the sequence (α n ) n≥1 . This will be useful in the following sections in order to guarantee the existence of eigenfunctions and eigenmeasures associated to the Ruelle operator (and its corresponding dual) which is the main tool to be used on the paper.
RPF Theorem for weighted shifts
Given a Banach space X we will use the notation C b (X) to denote the set of bounded continuous functions from X into R and we will denote by H b,α (X) the set of bounded Hölder continuous functions from X into R with parameter α. That is, the set of bounded continuous functions satisfying
The Ruelle operator is very useful for getting fine results in Thermodynamic Formalism for Hölder potentials (see [17] ) defined on the Bernoulli space {1, 2, .., d} N (the underline dynamics is given by the classical shift transformation). Results of this nature can be also obtained for the case where the number of preimages (under the underline dynamics) of each point is not countable (the so called generalized XY models) via the use of an a priori probability (see for instance [2] , [14] , [16] , and [1] ). Even when the alphabet A is non-compact one can get similar results for A N (see [15] and [9] ).
Adapting some of the ideas used on the classical setting (as for instance in [15] ) we will show existence of invariant probabilities for the above defined Linear Dynamical System via the Ruelle operator. In the last section we will show that our reasoning can be adapted to the case where the system is given by a class of frequently hypercyclic operator (see [12] and [8] ) with a finite dimensional kernel.
Let 1 ≤ p < ∞ be a real number. We will define the Ruelle operator on the set C b (l p (R)) in the following way: fix an a priori probability measure m on the Borel sets of R equipped with the usual topology. We assume that the support of the probability measure m is equal to the set R.
We also need a technical assumption for m to be used later:
for α and some a > 0 Since Ker(L) is isometrically isomorphic with R it follows that m induces an a priori probability measure on Ker(L) -which we will also denote by the same letter m.
As an example one could take m as the Gaussian distribution on R with mean zero and variance 1.
Given the a priori probability m, we define the Ruelle operator associated to the potential A ∈ H b,α (l p (R)) as the map assigning to each function ϕ ∈ C b (l p (R)) the function
Using the coordinates induced by the basis {e k } k≥1 it is possible to write the equation (4) in the following way
It is easy to see that L A (ϕ) ∈ C b (l p (R)) and that the n-th iterate (n ≥ 2) of the Ruelle operator is given by
In the next Lemma we will show that for any A ∈ H b,α (l p (R)) the Ruelle operator L A preserves the set of Hölder continuous functions. Observe that in this case e A ∈ H b,α (l p (R)) which will be useful in the proof of the Lemma.
Then, for each n ≥ 1, the n-th iterate of the Ruelle operator preserves the set H b,α (l p (R)). Moreover, for any ϕ ∈ H α (l p (R)), we have
Proof. By definition of the Ruelle operator, for any ϕ ∈ H b,α (l p (R)) and each pair x, y ∈ l p (R), it is satisfied
That is, the Lemma holds for n = 1. The proof is by induction. Assume the Lemma is valid for n. Then, we have
Where the last one inequality is a consequence of (5). The result follows from the induction procedure.
, then the Ruelle operator preserves the set H b,α (l p (R)).
If
, then the Ruelle operator preserves the set H b,α (c 0 (R)).
Given two Banach spaces X and Y we will denote by l(X, Y ) the Banach space of linear continuous operators from X into Y . We will also use the notation l(X) for the Banach space of linear continuous operators from X into itself. Now, using the properties of the dual space we can define the dual of the Ruelle operator L * A on the set C b (X) * as the operator that satisfies for any ϕ ∈ C b (l p (R)) the following equation
Before stating our main result which will guarantee the existence of nontrivial L-invariant probability measures, we will give the class of weighted shifts L for which Theorem 2 holds.
where d n is given in (1) .
Observe that if c > 1, then (6) is always satisfied. Moreover, since (6) implies that ∞ n=1 (β n 1 ) −p < ∞, then, we deduce as a consequence of Theorem 1 that the weighted shift L associated to the sequence (α n ) n≥1 is uniformly positively expansive, topologically mixing, Devaney chaotic and frequently hypercyclic (see for instance [5] , [10] , and [11] ).
be a weighted shift satisfying (6) . Then, a) There exist λ A > 0 and a strictly positive function
Proof. We will adapt results that appear in [2] and [14] for the present setting.
First we will show a).
The use of this kind of operator is quite common in the so called discounted method (see section 1 in [2] ). In order to show existence of the eigenfunction ψ A for the Ruelle operator L A it will be required later to take s → 1.
For fixed s, and using the coordinates notation obtained from the basis {e k } k≥1 , it follows that the equation (7) can be written as
Since the maps A and u are bounded continuous functions and m is a probability measure, we deduce that T s,
This shows that for all 0 < s < 1, the operator T s,A is a uniform contraction. Therefore, since C b (l p (R)) is a complete metric space with the distance induced by the norm · ∞ , it follows from the Banach contraction principle that T s,A has a unique fixed point u s ∈ C b (l p (R)). That is, for all x and 0 < s < 1,
Now, we will show that the collection (u * s ) 0<s<1 , with u * s (x) = u s (x) − u s (0), for each x ∈ l p (R), is equicontinuous and pointwise bounded.
By Arzelá-Ascoli's Theorem, as a consequence of the Cantor-Tychonoff's Theorem, we claim existence of a sequence (s n ) n≥1 satisfying:
iii) lim n→∞ u * sn = u as uniform limit on any compact subset of l p (R).
Moreover, we will show that the function u such that e u = ψ A is the main eigenfunction for L A . That is, ψ A satisfies a), with λ A maximal on the set of eigenvalues of L A .
In order to prove that (u * s ) 0<s<1 is equicontinuous, we fix x, y ∈ l p (R), and then we define S(1) as sup r∈R A r,
Using the expression in coordinates for the operator T s,A (which appears in (8) ) and the fact that u s is a fixed point for T s,A , it follows that e us(x) = R e A r, That is, |u s (x) − u s (y)| ≤ S(1). Therefore, following an inductive argument on the first n coordinates of the points in which it is calculated the function A + su s , it is easy to check that for any n ∈ N, it is satisfied the inequality |u s (x) − u s (y)| ≤ S(n), with S(n) = sup (r1,..,rn) n j=1 s j−1 A r j , .., r 1 ,
Moreover, the sequence (S(n)) n≥1 satisfies
Therefore, taking the limit when n → ∞, it follows that for all s ∈ (0, 1) and each pair x, y ∈ l p (R) it is satisfied
where d comes from (6). By the above, it follows that the family (u s ) 0<s<1 is equicontinuous. Moreover, this implies immediately that (u * s ) 0<s<1 (such as defined above) is equicontinuous as well. Besides that, we have that u * s (0) = 0, for all s ∈ (0, 1), which implies that for all s ∈ (0, 1) it is satisfied
Therefore, the family (u * s ) 0<s<1 is pointwise bounded. Note that for all x and s we get − A ∞ + s min u s ≤ u s (x) ≤ A ∞ + s max u s . From this, it follows:
for any 0 < s < 1.
The family (1 − s) u s (0), 0 < s < 1, is bounded and determines a convergent sequence s n , such that, κ := lim n→∞ (1 − s n ) u sn (0). Considering the sequence u sn , and the corresponding sequence u * sn = u sn − u sn (0), we use Arzelá-Ascoli's Theorem in order to get another subsequence (of the given sequence u * sn ) which converges uniformly. We also denote this new subsequence of index by s n , n ∈ N.
Let u be the function satisfying the uniform limit lim n→∞ u * sn = u on compact sets and the pointwise limit lim n→∞ u * sn (x) = u(x), for all x ∈ l p (R). Then, u satisfies the equation
with κ = lim n→∞ (1 − s n )u sn (0).
Indeed, we have
Since
,... +snu * sn r,
and by (9) and (3) we have that
,... α p and a = d Hol A . Therefore, (10) is a consequence of the Dominate Convergence Theorem.
The foregoing implies that the positive function ψ A (x) = e u(x) , x ∈ l p (R), is an eigenfunction for L A , and the eigenvalue is λ A = e −κ . This shows a). Now we will prove b), which implies the existence of a Gibbs state µ A associated to the Hölder continuous potential A. The probability µ A will be a L-invariant probability measure.
Denote by M(l p (R)) the set of Borel probability measures on l p (R). Since the set of finite additive Borel regular measures on l p (R) is a Banach space with the norm · M defined by µ M = |µ|(l p (R)), it follows that M(l p (R)) ⊂ B C b (l p (R)) * , with
By Banach-Alaoglu's Theorem we have that B C b (l p (R)) * is a compact set in the weak* topology. Besides that, M(l p (R)) is a closed subset of B C b (l p (R)) * under the same topology, which implies that M(l p (R)) is a compact set in the weak* topology.
Define L * A as the operator that assigns to each µ ∈ M(l p (R)) the measure 1 l p (R) LA(1)dµ L * A (µ). Observe that for any µ ∈ M(l p (R)) it is satisfied
Therefore, L * A is a map from M(l p (R)) into M(l p (R)). From the above, plus the fact that L * A is a continuous map and M(l p (R)) is a convex compact set, it follows from Schauder-Tychonoff's Theorem that there exists a fixed point ρ A ∈ M(l p (R)) for L * A . That is, for any ϕ ∈ C b (l p (R)) it is satisfied 1
In particular, taking ϕ = ψ A , we obtain that
Besides that, it is easy to check that the normalization of the Hölder potential A is a Hölder continuous potential A which satisfies L A 1 ≡ 1 and L A = 1.
Furthermore, the probability measure µ A = ψ A dρ A is a fixed point for the operator L * A and is a L-invariant probability measure. Indeed, for each ϕ ∈ C b (l p (R)), it is satisfied the following
This proves our first assertion. On other hand, for any ϕ ∈ C b (l p (R)) we have
Therefore, µ A is a L-invariant probability measure.
In order to show c), for each x ∈ l p (R) and ǫ > 0, we define
Note that F (x; ǫ) is a closed set, because
with π i : l p (R) → R defined by π i (y) = y i , for each y ∈ l p (R) and any i ∈ N. Moreover, by definition of the norm · p , it follows that
We claim that the set F (x; ǫ) has positive measure with respect to µ A . The above implies that B(x; ǫ(2 p − 1) − 1 p ) has positive measure which obviously implies c) because x ∈ l p (R) and ǫ > 0 are arbitrary.
Indeed, since µ A is a regular measure. Then, there exist a closed set F ⊂ l p (R) and an open set U ⊂ l p (R) satisfying:
Observe that the above implies that
Therefore, if we define
it follows that U (x; ǫ/2) ⊂ F (x; ǫ), which implies that
The foregoing implies that µ A (V ) > 0 for any open set V ⊂ l p (R) as we claim.
In order to prove d), first note that, as a simple consequence of Lemma 1, for any ϕ ∈ H b,α (l p (R)) the sequence L n A (ϕ) n≥1 is equicontinuous. Indeed, for each n ∈ N is satisfied
Moreover, since L A (ϕ) ∞ ≤ ϕ ∞ , it follows that the sequence L n A (ϕ) n≥1 is uniformly bounded. This implies by Arzelá-Ascoli's Theorem the existence of a uniform convergent subsequence L n k
It is easy to check (see [2] or [17] ) that ϕ = lim k→∞ L n k A ( ϕ), which implies that for each n ∈ N, we have
, ∀n ∈ N}, it is easy to check that l p m (R) ⊂ l p m+1 (R) for each m ∈ N. Besides that, by Tychonoff's Theorem we have that l p m (R) is a compact set for each m ∈ N. We define L m : l p m (R) → l p m (R) as the map that assigns to each x ∈ l p m (R) the value L(x) ∈ l p m (R). Moreover, we consider the restricted potential A m = A| l p m (R) and the function ϕ m = ϕ| l p m (R) . It follows from the same argument that appears in (12) 
for each m, n ∈ N. Moreover, since l p m (R) is a compact metric space for each m ∈ N, by an argument similar to the one that appears in section 2 in [14] , it follows that ϕ m is a constant function for each m ∈ N.
Suppose that ϕ m ≡ κ m , as (l p m (R)) m≥1 is a nested sequence, it follows that κ m = κ, for all m ∈ N. On other hand, observe that any point x ∈ l p (R) can be approximated by a sequence (x(m)) m≥1 , such that, x(m) ∈ l p m (R), for each m ∈ N. Therefore, it follows from the continuity of ϕ that That is, ϕ ≡ κ. Thus, since ϕ ∈ H b,α (l p (R)), by Dominated Convergence Theorem, we have
Therefore,
In particular, for any pair of functions ϕ, ψ ∈ H b,α (l p (R)), such that, ψ satisfies l p (R) ψdµ A = 0, by Dominated Convergence Theorem, it follows that lim n→∞ l p (R)
That is, µ A is mixing, which implies ergodicity of µ A , and this shows d).
By Theorem 2 and Remark 1, we deduce the following result.
Corollary 1. Let 1 ≤ p < q be real numbers. Assume that the potential A ∈ H b,α (l q (R)) and L : l p (R) → l p (R) is a weighted shift satisfying (6) . Then, Theorem 2 holds.
Remark 2. Assume that the potential A ∈ H b,α (c 0 (R)) and L : c 0 (R) → c 0 (R) is a weighted shift satisfying (6) . Then, one can show that the same claims of Theorem 2 hold just following the same reasoning used in the proof of Theorem 2.
On the class of weighted shifts satisfying Theorem 2
In this section we will consider a different presentation of some results of last section.
We have seen that Theorem 2 holds for the class of weighted shifts L satisfying (6) . Using Cauchy's criterion, we deduce that this class contains the weighted shifts satisfying
In fact, we will prove in the following proposition that the last two classes coincide.
Lemma 2. (see [5] ) The following assertions are equivalent:
Proof. It is easy to prove that (i) implies (ii) and (ii) implies (iii) . Let us show
This implies that lim sup
On the other hand, we have
Moreover, by (2) we have lim
the spectral radius r(L ′ ) of the weighted shift operator L ′ defined by
Hence lim
We deduce from Lemma 2 that for all α > 0, the condition ∞ n=1 (d n ) −α < ∞ is equivalent to lim n→∞ (d n ) − 1 n < 1. As a consequence, we obtain the following result. Proposition 1. Let X ∈ {c 0 (R), l p (R), 1 ≤ p < ∞}. Assume that the potential A ∈ H b,α (X), 0 < α < 1 and L : X → X is a weighted shift satisfying
Then, Theorem 2 holds. 
Some examples:
There are many examples on the class of weighted shifts operators satisfying (13) . For example:
where n 0 is a non-negative integer and c is a fixed real number.
2. Assume that there exists an increasing sequence of non-negative integers (k n ) n≥0 , such that, k 0 = 0 and k i < k i+1 , for all integer i ≥ 0. Let a and b to be two real numbers, such that, c ≤ a < 1 < b ≤ c ′ , and
Set r n = k n − k n−1 for all n ≥ 1 .
Assume that there exists a real number e ≥ 1, such that, 1 ≤ r n ≤ e, for all n ≥ 1 .
Then,
] is the integer part of n e+1 . Assuming that a e b > 1 we are done.
Extension to other classes of operators
Let X be a Banach space and T : X → X be a linear continuous operator. The lower bound of T is m(T ) = inf{ T (x) , x = 1}.
It is known that m(T ) > 0, if and only if, T is one to one and has closed range. Moreover, it is easy to see that for all x ∈ X, m(T ) x ≤ T (x) . Another important property is that lim n→∞ (m(T n )) 1 n exists (see [7] ). Now assume that T is onto, not one to one. Suppose also that there exists a closed subspace E of X, such that, X is the direct sum of Ker(T ) and E, i.e
We define
Observe that
As an example, we consider the weighted shift L : X → X, where X is c 0 (R) or l p (R) 1 ≤ p < ∞, given before by
We have
Ker
It's not difficult to see that
Indeed, for all n ≥ 2, we have L(e n ) = α n−1 e n−1 = α n−1 . Hence
On the other hand,
Hence p(L) ≥ inf k≥1 α k and we obtain (16) . Now fix an integer n ≥ 1, we have X = Ker(L n ) ⊕ E n , where Ker(L n ) = {(x i ) i≥1 ∈ X, x i = 0 for all i ≥ n + 1}
and
By the same way than case n = 1, we obtain
Observe that lim n→∞ (p(L n )) 1 n is the inverse of the constant given in Proposition 1. This fact is more general. For example, if we assume that T : X → X is onto, not one to one and X = Ker(T n ) ⊕ E n and E n+1 ⊂ E n , for all n ≥ 1,
where E n are closed subspaces of X. Observe that the assumption (17) is satisfied by the weighted shift L in any space X = c 0 (R) or X = l p (R), 1 ≤ p < ∞. (17) is also satisfied by any continuous operator T : X → X onto but not one to one, where X is a Hilbert space, since in this case, for all integer n ≥ 1, the set E n equals the orthogonal space of Ker(T n ). Now, suppose that p(T n ) > 0 for all n ≥ 1, then lim n→∞ (p(T n )) − 1 n exists.
Indeed, we have
Hence, the sequence (− log(p(T n )) n≥1 is sub-additive. Thus, lim n→∞ − log(p(T n ) n exists and is equal to inf
Now, for all x ∈ X \ {0}, denote
Since T is onto, T −1 (x) is not empty and
Given an a priori probability m on Ker(T ) satisfying the appropriate conditions ( see (3) ) we will denote by m the corresponding a priori measure on
We consider the Ruelle operator associated to the potential A ∈ H b,α (X) as the map assigning to each ϕ ∈ C b (X)) the function
Some of the results on this section follow the same reasoning as done before and sometimes we just outline some of the proofs. Lemma 3. Let T : X → X be a bounded linear operator, such that, T is onto, not one to one, satisfying (14) and p(T ) > 0. Let A ∈ H b,α (X) where 0 < α < 1. The Ruelle operator L A preserves the space H b,α (X).
Remark 4. It's classical and not difficult to prove that p(T ) > 0 is equivalent to the fact that T : E → X is injective and T (E) is a closed subspace of X.
Proof. For any ϕ ∈ H b,α (X) and each x, y ∈ X, we have x ′ − y ′ α dm(z).
Using (15) we deduce that
Then, L A (ϕ) ∈ H b,α (X).
Proposition 2. Let T : X → X be a bounded linear operator, such that, T is onto, not bijective, satisfying (17) and p(T n ) > 0 for all integer n ≥ 1. Let A ∈ H b,α (X) where 0 < α < 1, and assume that ∞ n=1 (p(T n )) −α < ∞ , then, Theorem 2 holds.
Proof. The proof is the same as the proof of Theorem 2. For each s ∈ (0, 1), we consider the operator T s,A : C b (X) → C b (X) given by 
In the same way as before, for all s ∈ (0, 1), the map T s,A has a unique fixed point u s ∈ C b (X). That is, for all x and 0 < s < 1 e us(x) = v∈T −1 (x) e A(v)+sus(v) dm(v) .
Following reasoning of the proof of Theorem 2 we need to prove that the family of bounded continuous functions is equicontinuous (u s ) 0<s<1 .
In the same way as was done before, we have |u Hol A 1 p(T j ) α x − y α + 2s n u s ∞ .
We deduce that for all s ∈ (0, 1) and each pair x, y ∈ X is satisfied
It follows from the above that:
Corollary 2. Let T : X → X be a bounded linear operator such that T is onto, not injective, satisfying (17) and p(T n ) > 0, for all n ≥ 1. Let A ∈ H b,α (X), where 0 < α < 1. Assume the following is true:
lim n→∞ (p(T n )) − 1 n < 1 , then, Theorem 2 holds.
In the next result, we prove that a sub class of the class of operators given in Corollary 2 is formed by uniformly hypercyclic operators. Proposition 3. Let X be a separable Banach space and T : X → X be a bounded linear operator, such that, T is onto, not one to one, satisfying (17) and ∞ n=0 Ker(T n ) is dense in X. Assume that lim n→∞ (p(T n )) − 1 n < 1 , then, T is uniformly hypercyclic and Devaney chaotic.
Remark 5. If L : X → X is the weighted shift and X ∈ {c 0 (R), l p (R), p ≥ 1}, then, ∞ n=0
Ker(L n ) = {(x n ) n≥1 ∈ X, ∃n 0 ∈ N, x n = 0 ∀n ≥ n 0 } .
Hence, ∞ n=0
Ker(L n ) is dense in X.
